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Entrainment of Air into a Liquid Spray 
FRANCIS E. J .  BRIFFA and NORMAN DOMBROWSKI 

Imperial College, London, England 

An investigation has been carried out into the flow pattern existing in and around a flot 
spray, particular attention being paid to the region of disintegration of the liquid sheet. The 
mass of oir entrained into the spray, the decay of air velocity along the spray axis, and the 
spread of the drops in the plane normal to that of the sheet have been related to the operat- 
ing conditions by equations theoretically derived and experimentally confirmed. Similorities be- 
tween the characteristics of air entrainment into liquid sprays and into gas jets have been 
noted. 

A spray nozzle is a device which transforms bulk liquid 
into a spray and which projects the spray in a controlled 
direction. While many studies have been made of the 
processes of drop formation, little attention has been given 
to the subsequent history of the resulting spray and to the 
way in which it interacts with the surrounding atmos- 
phere. 

The aerodynamic properties of sprays are significant in 
a wide range of applications; for example, in a spray 
dryer the initial rate of mixing of the spray with the hot 

as lays a large part in determinin the bulk density of 

burning characteristics of a fuel spray depends on both 
the manner in which the air is entrained and mixes with 
the spray, and on the h a 1  mixture ratio. Furthermore, 
the penetration of the fuel dcops through the hot gases 
will depend inter alia on the induced gas stream carry- 
ing them along. 

Previous investigations (1 to 3) have been concerned 
with the entrainment of air into sprays produced from 
hollow-cone and solid-cone swirl spray nozzles. However, 
the complex nature of these systems has presented a series 
of experimental and theoretical difficulties and there are 
st i l l  a number of features about the rocesses of momen- 

to be elucidated. 
In order to obtain a clearer picture of the detailed 

mechanism of air entrainment we have studied a 0at 
spray, since this simplifies both the experimental and theo- 
retical approach. Fan spray nozzles were utilized for this 

&e kal dried product. In a com % ustion chamber the 

turn transfer within a moving cloud o P drops which remain 

Francis E. J. BriEa is,with Shell Research Ltd E ham Surrey En 
land, Norman Dombrowsld is at the Universik of *Lee%, L’eeds, E&an% 

research because of the considerable information availa- 
ble on their characteristics ( 4  to 11). 

EXPERIMENTAL PROCEDURE 

The factors which may be expected to affect the entrain- 
ment of air by a liquid spray are: the density and vapor pres- 
sure of the li uid; the spray velocity; drop size and size dis- 

of the ambient gas stream; and ambient gas velocity, In the 
present research most of the experiments were carried out with 
a single liquid, while air at room temperature only was used 
as the ambient gas. 

Apparatus 
The experiments were carried out in a vertical 1-ft. x 1-ft., 

6-in. rectangular air duct as shown in Figure 1. The entrance 
section was designed (12)  to insure fully developed flow at 
the end of the contraction, while flow straighteners, 2% in. 
long x 34 in. wide, were inserted at the beginning of the 
parallel section. Three of the walls of the duct were fitted 
with twin-ground plate glass windows, while the interior of 
the fourth had a black nonreflecting surface. 

The nozzle was mounted at the top of a vertical feed pipe 
to spray vertically upward, the liquid being introduced into 
the ipe by means of a tube placed across the duct below 
the iow straighteners, Test liquid WAS contained in a pres- 
sure vessel and ejected through the nozzle by means of com- 
pressed nitrogen, the nozzle being positioned such that the 
plane of the sheet was parallel to the two opposite windows. 
Air was drawn up through the duct past the nozzle by a 
centrifugal fan. 

Cameras and associated optical and lighting equi ment 

placed at any height above the spray nozzle. 

tribution; the 1 ‘quid volume flow rate; the density and viscosity 

were mounted on an adjustable platform which cou P d be 
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,ORIFICE TABLE 1. PROPERTIES OF LIQUIDS AT 60°F. ( 1 4 )  

Liquid Iso-octane Tetralin 

Density, g./cc. 0.69 0.97 
Surface tension, dynes/cm. 18.90 36.00 
Viscosity, centipoise 0.54 2.00 

NOZZLE bSSEHBLY 

I D J U S T A I L E  PLATFORM 

L N I I I A N C E  SECTION 

-7 

Fig. 1. General Iayouf of apparatus. 

Measurement of Air Velocity 

The velocity of the air drawn into the spray was determined 
by viewing the side of the spray and by measuring the veloc- 
ity of lycopodium particles suspended in the air stream. The 
latter was carried out by taking double microsecond flash 
photographs of the particles on the same plate and by measur- 
ing the distance moved by each particle in a known interval 
of time. Lycopodium powder was selected because of its uni- 
form size (28.8 microns) and small settling velocity ( 1 3 )  
(1.71 cm./sec.). The particles were introduced some 6 in. 
below the nozzle. Since the leading edge of the sheet is con- 
vex to the orifice (see Figure 2),  the profile along the 5 ray 

spray. In order to photograph the particles entering the spray, 
the spray sheet was rotated about its axis approximately 5 deg. 
so that its boundary was off-set from the optical axis. Individual 
lycopodium particles could not be identified within the spray. 
However, it can be shown that drops of the order of 15 microns 
in diameter move with a velocity very close to that of the 
air stream, and the air velocity within the spray was taken 
to be equal to the velocity of these drops. In this study the 
air velocity within the spray has been .determined only along 
the spray axis in the plane of the spray sheet. 

Physical Properties of Liquids Employed 

All of the work has been carried out with iso-octane, apart 
from a few experiments with tetralin (1.2.3.4-tetrahydro- 
naphthalene). Their physical properties are given in Table 1. 

Drop-Size Relations of Spray Nozzles 

Delavan-Watson 5L single-hole fan spray nozzles similar to 
those described previously ( 6 )  were employed in these experi- 
ments. Details are given in Table 2, the parameter K ,  in the last 
column being a function of the orifice area. Nozzle 5LA was 
used with iso-octane, while 5LB was used with tetralin. 

axis tends to be masked by the profile along the edge o ;P the 

Orifice 
Nozzle dimensions, cm. 

5LA 0.0228 x 0.0349 
5LB 0.0197 x 0.0331 

A wide range of techniques may be employed to measure 
the drop size of sprays. This research has been principally con- 
cerned with the entrainment characteristics of the sprays in 
the vicinity of the nozzle, and since Hasson and Mizrahi (8) 
have shown that the size may vary with distance from the 
nozzle as a result of coalescence, a photographic technique 
was chosen because it could be used to examine the spray 
close to the nozzle where the drops move at their highest 
velocity (circa 4,500 cm./sec.). The method consisted of tak- 
ing submicrosecond flash photographs of the spray near the 
region of disintegration and counting and sizing the drops from 
the resulting negatives. The results have been expressed in 
terms of the number mean diameter and correlated with the 
operating variables by 

dlo = 132 ( %)‘I3 ( E)”‘ 2.8 microns (1 )  

Drop-size measurements were carried out at a duct air 
velocity of 23 cm./sec. Equation ( l) ,  expressed in terms of 
relative liquid sheet-air velocity, predicts increases of drop 
sizes ranging from about 10% at the lowest ejection pressure 
to 3% at the highest pressure as the air velocity is increased 
to 155 cm./sec., the maximum used in this research. A few 
experiments were therefore carried out at the highest duct 
velocity to confirm this point. However, no effect on drop size 
could be detected. This result is likely to be due to the fact 
that the air velocity adjacent to the spray sheet, particularly 
near its root, was less than the free stream velocity as a con- 
sequence of partial shielding by the nozzle assembly. 

The results have also been expressed as a function of the 
surface-volume mean diameter for comparison with previous 
work (9)  where drop sizes from larger nozzles have been 
similarly measured and expressed in terms of this diameter. 
In this case, the value of the constant is 230, which compares 
favorably with the previously found value of 236. 

In order to detect whether any changes in the size spectrum 
occurred as the spray moved away from the nozzle as a result 
of subsequent drop coalescence or evaporation, further meas- 
urements of drop size were carried out at an ejection pressure 
of 118 lb./sq.in. The drag experienced by a drop is a function 
of its diameter; consequently the dr velocity spectrum, and 

of the spray through the atmosphere. In order to avoid a 
tedious analysis involving the determination of both the size 
and velocity spectra, measurements were made only at a 
height of 12 cm. above the nozzle where double-flash photo- 
graphs revealed that drop velocities were sensibly uniform. 
The experiments showed that at this distance the dro size 
remained effectively constant and thus indicated the a8sence 
of any appreciable drop coalescence or evaporation. 

Range of Experiments and Procedure 

Experiments were carried out with iso-octane at air velaci- 
ties of 23, 72, 105, and 155 cm./sec. and differentia1 ejection 
pressures of 7.6, 22.5, 45.5, 76.8, and 118 Ib./sq.in., the in- 
tervals being selected to provide equal velocity increments. 
For tetralin tests were carried out with differential pressures 

hence the spatial size distribution, wil 4p vary during the passage 

TABLE 2. DIMENSIONS OF  NUZZLE^ 

Flow No. 
imperial gal./hr 

OrSce 
area, sq. cm. 

0.000797 0.27 (iso-octane) 
0.000653 0.21 (tetralin) 

A.1.Ch.E. Journal 

Discharge 
coefficient, 

CP 

0.95 
0.91 

Nozzle 
parameter (6) 

KO, sq. cm. 

5 x 10-4 
3.2 x fW4 
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of 45.5, 76.8, and 118 lb./sq.in. at a single air velocity of 58 
cm./sec. 

For each ejection pressure double-flash photographs were 
taken of the spray to determine the velocity of 15-micron 
diameter drops in the plane of the liquid sheet along the axis 
at 6.6, 9.6, and 12 cm. from the nozzle. Air velocities were 
measured at 0.1-cm. intervals above the nozzle, at each level 
the data were recorded at the air-spray interface and at 1-cm. 
intervals from the plane of the sheet, up to a distance of 3 cm. 

Single-flash photographs were also taken of the side of the 
spray in order to determine its depth across the axis. 

The lengths of the coherent liquid sheets have been meas- 
ured from flash photographs of the sprays with an accuracy 
of approximately 1 wavelength, which for the longest sheets 
is of the order of 0.2 cm. 

BOUNDARY OF THE SPRAY 

Figure 2 is a typical photograph of a sheet disintegrat- 
ing through aerodynamic action. Rapidly growing waves 
are roduced on the sheet which subsequently break down 

into ligaments which break down into drops. A number 
of drops are also produced at the point of fragmentation; 
these drops have an additional velocity component result- 
ing from the accelerating wave crest and thus the initial 
depth of the spray is greater than the amplitude of the 
waves. 

Figure 3 illustrates the boundary of a spray, which is 
defined here by the region of disintegration and the width 
and depth of the spray at any given point. The break-up 
length of the sheet depends upon the liquid properties 
and operating conditions. The width of the spray at the 
region of disintegration is determined by the extent to 
which the side edges of the liquid sheet have contracted 
by surface tension (6); beyond the region of disintegra- 

at t K e crests. Fragments of sheet then rapidly contract 

Fig. 2. Disintegration of sheet. 
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DEPTH OF 
SPRAY 

SPRAY 
BOUNDARY. 

L IQUID SHEET y+ u y &  X A X I S  

(1 1 0') 
Fig. 3. Spray boundary. 

tion, the edges of the spray are principally determined by 
those drops which sustain the direction of flow of the edge 
of the sheet at disintegration. At low air densities (9) or 
low air-liquid relative velocities (71, the majori 
spray may result from drops produced from t e sheet 
edge. At atmospheric pressure, particularly for liquids of 
low surface tension at high differential ejection pressures, 
these drops generally constitute only a small proportion of 
the total mass flow rate. However, in order to insure that 
measurements corresponded to known liquid flow rates, 
all measurements were codned to a sector of 5 deg. in- 
cluded angle around the spray axis in the plane of the 
sheet. In vacuum a spray diverges from its source. How- 
ever in a cocurrent air stream the path of the drops tends 
toward that of the air. It is shown below that induced air 
velocities within the sprays are generally much higher 
than those of the surrounding air stream so that the dro s 

x Of the 

approximate to their ori inal paths. The depth of t f e 
spray is determined by t a e trajectories of the fine drops 
thrown out of the plane of the sheet. In this region in- 
duced air streams have relatively low velocities and the 
direction of the drops is considerably influenced by the 
adjacent air. 

Length of the Coherent Liquid Sheet 

A theoretical relation for the coherent length of a liq- 
uid sheet has been derived by Dombrowski and Hooper 
(9) on the basis of a theory presented by Squire (15 ) ,  
and it was shown that at atmospheric density 

In the present work, apart from experiments carried out 
at the lowest ejection pressure, Nwe was found to be 
greater than 20. Under these conditions Eauation ( 2 )  

By utilizing Equation (3) the measured lengths of the 
coherent liquid sheet were linearly correlated with the 
operating variables by 

rm* = 1,990[ U= 1"' - 0.51 -C 0.24 (4) 
Depth of Spray 

A fan spray has a finite depth because drops are pro- 
duced in the re ion of disinte ration which have a veloc- 
ity component %erived from &at of the wave amplitude. 
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The amplitude of a wave is given by (11) 

x' = x, exp (a t3 '2)  ( 5 )  
Differentiating Equation (5) one obtains 

At break-up, x' = x", and t = t* = r " / U ;  hence com- 
bining Equations (5) and (6) one obtains dx'/dt at 
break-up, that is 

No measurements were made of the value of x* and 
of the manner in which it varied with the operating vari- 
ables. However, if it is assumed that x" is a function of 
U/r" over a limited range of conditions, then by taking 
E to be constant (9) Equation (7) may be rewritten as 

($)" = f ( . $ )  
Fig. 5. Superimposition of  calculated and observed spray profiles. 

The initial normal velocity component of the drops can 
be expected to be a function of (dx'/dt) *; hence we may 
write 

un = P ( U / r " )  (9) 

where un is given by un = ur tan 6, and ur the initial 
radial velocity component of a drop, that is, the velocity 
along planes parallel to that of the sheet, and in the di- 
rection of the radial streamlines of the sheet, is given ap- 
proximately by (6) __ 

ur  = c, 

Values of u, were plotted against U/T" ,  T" values being 
obtained from Equation (4), and it was found the results 
could be linearly correlated by 

un = 0.084 U/r* + 1,530 -t 105 (11) 
Trajectory of Drop at Air Spray Interface 

By assuming a Stokes flow regime, the equation of mn- 
tion for any drop traveling along the edge of the spray 
and moving vertically upward can be shown to be (16) 

1 
B A = -  1W-t ( g / B -  %)I 

(1 - f 3 - q  - (g - 2 ) d B ) t l  -+ r" (12) 
The initial horizontal, or normal, velocity component 

of a given drop depends upon its position in space at the 
time of its formation. The velocity component at the in- 
stant of break-down will be greatest for a drop formed 

Fig. 4. Profile of spray a t  various ejection pressures. 

at a wave crest, while it will be zero on the spray axis. 
The equation of motion in the horizontal direction may 
therefore be written as 

x = - u n  C ( 1 - e P B t )  (13) B 

where C has any value from 0 to 1, depending upon the 
initial position of the drop in the wave. 

Figure 4 shows photographs of the edge of a spray 
viewed along the plane of the sheet. The photographs 
indicate that drop concentration decreases with distance 
from the plane so that the edge of the spray is indistinct. 
However, on each side there is a region where the drop 
concentration rapidly diminishes and this boundary has 
been taken as the effective profile of the spray. It is likely 
that the liquid distribution depends principally on the 
mechanism of sheet disintegration and thus for a particu- 
lar mechanism, for example, aerodynamic wave formation, 
it could be expected to vary little with operating condi- 
tions. Consequently, C will be a measure of the fractional 
liquid concentration across the spray and thus the effective 
edge of the spray, as chosen from the region of greatest 
change of density on the photographic negative, corre- 
sponds to a constant value of C. 

In the present study no attempt was made to measure 
the variation in drop size across the spray, and Equations 
(12) and (13) were utilized by drawing a series of cusves 
for a range of values of d and C. It  was found that, ex- 
cept for the differential ejection pressure of 7.6 lb./sq.in., 
where the profile was too diffuse for accurate identification, 
good agreement between calculated and measured spray 
profiles was obtained when the drop diameter was equal 
to 1.3 x dlo and when C = 0.4. It  is of interest to note 
that for each experiment the effective diameter is equiw- 
lent to the surface-mean diameter of the whole spray. 

Although the profile along the spray axis is masked by 
the profile along the edge of the spray, the actual profile 
alon the axis can easily be estimated from the geometry 

shows the profile as calculated from Equations (12) and 

The photographs in Figure 4 also indicate that as the 
ejection pressure is raised, the break-up length decreases, 
the spray becomes finer, and the boundary becomes more 
distinct. Comparison of the depths of the sprays shows 
the rate of spread tends to be linear as the ejection pres- 
sure is increased. 

of t fi e system. This is drawn in Figure 5, which also 

(13).  
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MAS RATE OF AIR ENTRAINMENT INTO SPRAY 
When a spray moves through a gas it experiences aero- 

dynamic drag and because momentum is conserved within 
the system, the reduction of drop velocity is accompanied 
by an increase in the local gas velocity. Since this results 
in a forward displacement of the gas, an equivalent mass 
of gas flows (or is entrained) into the spray. 

An exact analysis of the momentum transfer from a de- 
celeratin spray to the surrounding air stream requires a 

each drop and of the manner in which interacting fields 
affect the movement of the drops. In this study a simple 
theoretical model has been set up and analyzed, and it 
has been found that the salient features of the air spray 
system may be satisfactorily described on this basis. 

Air Velocity Distribution Across the Spray 

It is assumed in the following analysis that the air 
velocity distribution is determined primarily by the liquid 
flowing in the plane of the sheet, and that the shear stress 
experienced at the air spray interface in the plane of the 
sheet is similar to that produced by turbulent %ow past 
a flat solid surface. 

When a fluid such as air flows under turbulent condi- 
tions it may be shown from Prandtl's mixing length theory 
(17) that the velocity distribution normal to the surface 
is given by 

detailed L owledge of the nature of the flow fields around 

If we assume that the analogous plate at the center of 
the spray has protuberances with a characteristic dimen- 
sion do such that when x = do, v = vc - V d ,  then 

DifFerential Height 
ejection above 
pressure nozzle 

AP, lb./sq. in. h, cm. 

7.6 

22.5 

45.5 

76.8 

118 

(r' = 2.9) 
4 
6 
8 

10 

(so = 1.7) 
4 
6 
8 

10 

( r Q  = 1.3) 
2 
4 
6 
8 

10 

2 
4 
6 
8 

10 

(7' = 0.8) 
2 
4 
6 
8 

10 

( r e  = 1.1) 

Mean 

size 

microns 

40 

hop 

dl0, 

28 

22 

19 

16 

The shear stress at a surface is represented by 

(16) R = p ,  ( V , - V d ) 2 K 2  

Hence from Equations (15) and (16) 

where 
/3 = 8 / K  

According to Schlichting (18), K2 is independent of the 
surface roughness and is given by 

OL P J 

provided e, the height of a protuberance on the surface, 
is less than (100 p ) / ( p a  U p ) .  Critical values of e for 
sprays ( e e r i t )  have been evaluated by taking Up to repro 
sent the average difference between the air velocity along 
the spray axis and the duct air velocity. The values are 
listed in Table 3 and it is seen that they are at least four 
times as great as the number mean diameter. Equation 
(19) cannot be strictly applied to sprays, since for plates 
U p  remains constant with increase of 1, while that for 
sprays decreases. However, because of the logarithmic 
form of the relation, the value of K2 is not very sensitive 
to changes in the product U,l and it should provide a 
reasonable estimate of K2 for sprays. 

TABLE 3. Am FLOW CHARACTERISTICS OF SPRAYS (ISO-OCTANE DUCT VELOCITY Vd OF 105 CM./SEC.) 

ecri t ,  
microns 

430 

226 

121 

80 

66 

K2 
[Equa- 

tion (29)] 

- 
0.0066 
0.0062 
0.0064 
0.0064 
- 

0.0048 
0.0048 
0.0045 
0.0048 
- 

0.0050 
0.0039 
0.0038 
0.0039 
0.0042 
- 

0.0044 
0.0035 
0.0034 
0.0033 
0.0035 
- 

0.0035 
0.0033 
0.0032 
0.0031 
0.0032 

Vertical 
component 
of air ve- 
locity at 

boundary 
of spray 

@, 6 / K  0, cm./sec. 

- - 
5.0 8 
5.1 -1 
5.0 0 
5.0 0 
- - 
5.8 4 
5.8 4 
6.0 -10 
5.8 6 
- - 
5.6 5 
6.5 30 
6.5 5 
6.5 15 
6.2 15 

6.1 0 
6.8 15 
6.8 25 
6.9 10 
6.8 20 

- - 

- - 
6.8 -3 
7.0 16 
7.1 27 
7.1 10 
7.1 18 

Air veloc- 
ity along 
spray axis 

v c ,  cm./sec. 

- 
590 
350 
240 
200 

930 
580 
400 
340 

- 

- 
2,340 
1,660 
1,140 

750 
510 
- 

3,180 
2,500 
1,920 
1,400 

910 

3,780 
2,940 
2,260 
1,700 
1,220 

- 

Distance of 
boundary 
from axis Ve - V d -  V 

Vc  - V d  a, cm. 

- - 
0.98 0.6 
1.01 0.9 
1 .oo 1.0 
1.00 1.1 

1.00 1.0 
0.99 1.0 
1.03 1 .o 
0.98 1.1 

1 .oo 0.6 
0.98 0.9. 
1.00 1.0 
0.98 1 .o 
0.96 1.1 

1 .oo 0.5 
1 .00 0.8 
0.99 1.0 
0.99 1.0 
0.98 1.2 

1 .oo 0.5 
0.99 0.7 
0.99 1.0 
1.00 1 .o 
0.99 1.2 

- - 

- - 

- - 

- - 

do,  
microns 

- 
40 
48 
96 
84 

28 
28 
22 
31 

22 
17 
20 
20 
22 

11 
10 
10 
10 
13 

- 

- 

- 

- 
6 
6 
8 
6 

10 
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Calculated values of K 2  are listed in Table 3, together 
with corresponding values of ,6, taking the value of 6 = 
0.4 for air. It can be noted that for a given ejection pres- 
sure /3 remains approximately constant along each spray 
and that ejection velocity has only a small effect. 

Values of the vertical velocity component of the air 
stream at the spray boundary together with corresponding 
axial velocities are listed in columns 6 and 7. Values of 
( v ,  - vd - o ) / ( v ,  - V d )  at the spray boundary are listed 
in column 8 and are seen to be close to unity. Thus from 
Equation (17), do is given by 

do = a e-6 (20) 
and has values little affected by duct velocity as shown 
in the last column of Table 3. The figures show that, apart 
from the lowest pressure where measurements of a are 
least accurate, do tends to be equal to or less than dlo, 
the difference increasing with increase of pressure. While 
at this stage no conclusions can be drawn regarding the 
significance of the comparison, it should be noted that 
the measured values of dlo are greater than those actually 
existing within the sprays, since the photographic tecii- 
nique did not permit drops smaller than 15 microns in 
diameter to be resolved. Since the number of small drops 
increases with increasing pressure, it is likely that the 
divergences between dlo and do at the higher pressures 
are less than indicated. 

Figure 6 shows typical exampIes of the air flow pattern 
within and around sprays for duct air velocities of 23 and 
105 cm./sec. The arrows indicate the direction of the 
local air flow, while the adjacent figures denote the veloc- 
ity in centimeters per second. It will be noted that for a 
given duct air velocity, the magnitude and inclination of 
air velocity to the boundary increase with ejection pres- 

SPRAY 

54 54 b4 

DUCT AIR VELOCITY 23CMISEC 

ill CI lllk il000 b0 6 0  1 4 5  i 6 0 0  

t. (45 4 3 9  

4 fill ill lo.! 
DUCT ALR VELOCITY 105 CHISEC. 

Fig. 6. Air ffow pattern around spray. 

- 
5 c  3 1.0 

DISTANCE NORMAL TO SPRAY AXIS X (CMJ 

Fig. 7. Velocity profile across spray at various heights above nozzle. 
AP = 45.5 Ib./sq.in. Vd = 105 cm./sec. 

sure and with proximity to the region of disintegration. 
Equation (17) is plotted in Figure 7 for a differential 
ejection pressure of 45.5 Ib./sq.in. and a duct air velocity 
of 105 cm./sec. to show the nature of the theoretical 

rofiles across the spray at various heights above 

cause of the spread of the drops, the velocity gradient 
close to the spray axis would be less than that indicated 
on the figure. 

Decoy of Air Velocity Along the Spray Axis 

The variation of air velocity along the spray axis is de- 
termined by taking force and momentum balances across 
an element of spray as shown in Figure 8, assuming the 
air velocity distribution within the element to be repre- 
sented by an average velocity. 

By neglecting gravity the force balance on the element 
may be written as 

the ROZZ P e axis. In practice it would be expected that be- 

du d 
2 a h 4 dh mi u - (mv , )  - 2 R h 4 d h = O  

( 2 1 )  
where v ,  the average velocity across the spray is given by 

V m = -  ( 22) 
a-do  do 

S i n c e  
a > > &  

Now 

(24) 
d dm d om - (ma,) = 0,- + m- 
dt dt dt 

and since for a given element 

(25) 
dm d - + - ( 2  a h 4  pa v,) dh = 0 
dt ah 

therefore 
d du - ( m  v,) = - 2 4 pa a dh vff12 - 2 4 pa h dh urn2- at d h  

(26)  
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Fig. 8. Sector of spray. 

Hence Equation (21)  may be rewritten as 

+ P a  ( v c - v d ) 2  K2 (27)  
taking the further approximation that 

u = Kih (28)  
At any section the momentum of the liquid is me u and 

the momentum of the air is 2 pa h 4 u(v ,  + Vd) ' ,  so that 
the total momentum at height h is given by 
2 Pa h 4 a (0, -f- V d )  Vd -k MO = 

where the first term corresponds to the initial momentum 
of the air around the spray. 

When vd k smau compared with (v, + v d )  little error 
is incurred in neglecting the first term, and the expression 
may be rewritten as 

m,u + 2p,+ K1 h2[ - + v 6 l 2 -  M, = 0 (29)  

By differentiating for a given set of operating conditions, 
that is, for constant me, pa, K1, f i  and vd 

m e u + 2 p a h + a  ( v m + v d ) 2  

Vc - vd 

B 

Equating Equations (27)  and (30)  and integrating for 
the boundary conditions v, = vi when h = ra and u, = 
uC when h =h, one obtains 

Since the air in contact with the sheet is moving with 
the sheet velocity, the initial velocity of the air may be 
taken as equal to that of the sheet, that is, vi = U. 

For V d  = 0, Equation (31)  reduces to 

Meosured Valuer 

Measurements of the axial air velocity were made up to 
a height of 12 cm. above the nozzle. At this height the 
axial air velocity decayed to at least 20% of its original 
value. The value of K1 [see Equation (28)] has been ob- 
tained by two methods: directly from the photographs of 
the spray boundary as indicated in Figure 5, and by 
means of Equation (31)  from a plot of 

against 
62 T* 

2 h  
- log - 

for each ejection pressure. The two sets of results are 
compared in Table 4, where it is seen that except for the 
lower pressure reasonable agreement exists between meas- 
ured and derived values. The duct air velocities employed 
in this work have little effect on K I ,  and mean values have 
been determined in both cases. 

Equation (31)  is plotted in Figure 9 by using the de- 
rived values of K1 and the experimental results show satis- 
factory agreement with theory. 

For turbulent gas jets the velocity at any height along 
the axis may be represented by an equation having the 
form (19) 

Equation (33)  is of similar form to that of Equation 
(31)  apart from the extra term on the right-hand side of 
Equation (31), which is of significance only when the air 
velocity along the spray axis is small compared to the ejec- 
tion velocity, that is, a relatively long distance from the 
nozzle. The values of S are independent of ejection veloc- 
ity, being approximately 0.5 for two-dimensional gas jets 
(18) and 1 for three-dimensional jets ( 2 1 ) .  The corre- 
sponding parameter a2/2K1 for sprays in air, as given in 
the last column of Table 4,  varies from 3.7 to 0.65. In 
Equation (33)  the axial distance hl at which the axial 
gas velocity begins to depart from the ejection velocity 
depends on the nozzle diameter and on the ratio of the 
surroundin air and ejection velocities, and is analogous 
to the brea i -up length r* for sprays. 

TABLE 4. AIR VELOCITY PARAMETERS AT 

VARIOUS EJECTION PRESSURES 

Iso-octane 

Tetrah 

Drop Kt, 
P ,  Ib./ size, K i ,  meas- 
sq.in. f l  microns derived ured 

7.6 5.0 40 0.02 0.04 
22.5 5.9 28 0.04 0.04 
45.5 6.3 22 0.06 0.08 
76.8 6.7 19 0.11 0.12 
118.0 7.0 16 0.12 0.13 
45.5 6.0 25 0.05 - 
76.8 6.2 21 0.06 - 
118.0 6.4 18 0.08 0.1 

62/2Ki 

3.7 
1.9 
1.38 
0.75 
0.65 
1.68 
1.37 
1.05 
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2.4 

Fig. 9. Decay of air velocity along spray axis for iso-octane and 
tetralin. 

v AP 7.6 PS.1. ISO-OCTANE 
x 11 22.5 r I 

0 d 45.5 1 

0 11 76.8 8 I 

A II 118.0 8 8 

II 45 .5  I TETRALIN - 

Entrainment of Air  into the Spray 

The theoretical quantity of air entrained up to a given 
height in the spray is obtained from the roduct of the 
average air velocity across the spray and t K e spray cross- 
sectional area at that height. 

Hence from Equation ( 2 3 )  

(34) 

The total mass of air M passing through the spray is 
made up of the air entrained by the spray and that forced 
through it by the surrounding air stream, that is 

M = 2 a hPa 4 [ ( V c - v d ) / f l  + V d I  ( 3 5 )  

The actual amount of air flowing through the spray was 
determined as follows. The profile of each spray (Figure 
4) was divided into segments approximately 0.1 cm. in 
height up to a distance of 10 cm. from the nozzle. The 
area of the boundaries at the sides of each segment 
through which air is passing was then com uted. The air 

uct of the area and the velocity normal to it. 
A set of results showing instantaneous values of air 

velocity normal to the plane of the sheet along the spray 
boundary is plotted in Figure 10. The curves indicate that 
air velocity tends to decrease with axial distance from the 
nozzle. No attempt has been made to draw smooth curves 
through the oints since a study of the photogra hs (Fig- 

erimental error but from the fact that drops are not uni- 
formly distributed in space but tend to be contained 
within bands. 

iving the cumulative mass of 
air flowing through a five 8. egree sector around the spray 
axis (4  = 5 deg.) over a range of ejection pressures is 
shown in Figure 11. The results are replotted in Figure 12 
to show the air-liquid mass ratio M / M l  within the spray 

flowing into each increment was obtained P rom the prod- 

ure 4)  reyea P s that the apparent scatter is not I f  ue to ex- 

A typical set of results 

\ 0 130 OCTANE A P  7.6 P.S.I. 
X AP 22.5 11 - 
A II AP 45.5 I t  

A P  76.8 II El II 
v 11 AP lie 11 

II 

DUCT AIR VFLOCITY l55CMlSEC 

2 4 6 8 10 
HEIGHT ABOVE NOZZLE (CM) 

Air velocity a t  spray boundary a t  various heights above 
nozzle. 

LIQUID FLOW R A T E  
THROUGH 5OSECTOR 

X A P  7.6 P.S.I. 0.034CMISEC 
0 AP 22.5 0060 8 ' 
A AP 45.5 0,087 1 8 

0.113 II * 
B AP 118 11 0.139 11 

AP 76.8 fi 

DUCT AIR VELOCITY 7 2  CM/SEC 

I I I I I 

2 4 6 8 10 12 
HEIGHT ABOVE NOZZLE (CMj 

Fig. 11. Cumulative air mass flowing through a 5-deg. sector around 
the spray axis. 

0 
0 
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X AP 7.6 RS.1. 
0 AP 22.5 PS.1. 
A AP 45.5 CS.1. 

10 

HEIGHT ABOVE 
8 

NOZZLE 
10 CM 

6 
M - 
Mr 

6 CM 
4 

2 

3 C M  

3/00 4 0 b O  50bO 
u. CMlSEC 

Fig. 12. Variation of M/Mi with liquid ejection velocity at various 
heights above the nozzle. Iso-octane, duct uir velocity, 72 cm./sec. 

as a function of ejection velocity U at various heights h 
above the nozzle. The curves demonstrate that the mass 
ratio is a complex function of U and h. However, in in- 
terpreting these results it must be borne in mind that the 
break-u length r" and the spray depth a are each func- 

corresponding to any given height h also varies with veloc- 
ity. More consistent trends are observed in Figure 13 
where the results are plotted to show the relation be- 
tween M / M 1  and U at various heights above the region 
of disintegration of the spray sheet. The figure shows that 
at any height M/ML rapidly diminishes with velocity until 
a value of about 3 to 4,000 cm./sec., after which it tends 
to a constant value. 

The experimental values of M show reasonable agree- 
ment with the corresponding values calculated from Equa- 
tion (35). This is seen in Figure 14, which represents 
data up to a height of 10 cm. 

By expressing Me as the dimensionless ratio M e / M l  
where 

we have from Equations (32) and (34) for ?& = 0 

tions o P the ejection velocity, so that the spray volume 

M i  = .b KO u p i  (36) 

X AP 7.6PS.l. 
0 AP 22.5P.S.l. 
A AP 45.5 LS.1. 
0 AP 76.0 PS.1. 
0 AP 118 LS.1. 10 

8 

EIGHT ABOVE REGION 
6 F DISINTEGRATION 

M - 
M.f 

4 

2 

OO 1000 2000  3000 4000 5 0 0 0  
U. CMISEC. 

Fig. 13. Variation of M/Mi with ejection velocity a t  various heights 
above the region of disintegration. Iso-octane, duct air velocity, 72 

cm./sec. 
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0 I 45.5 II 

0.7 0 h 76,8 R 

A h 118.0 I1 

rn 1145.5 II TETRALIN 

M (MEASURED) (GM/SEC) 

Fig. 14. Comparison of calculated and measured values of air mass 
flowing through 5-deg. sector of spray. 

It can be shown (see Appendix) that the total mass of 
gas entrained by a turbulent gas jet from a quiescent 
atmosphere of the same gas is given by 

It is dif6cult to make any direct comparison between 
Equations (37) and (A7) because of the interrelations of 
most of the variables in Equation (37) and their de- 
pendence upon the liquid ejection velocity. In Equation 
(A7), hl and Kz are independent of jet velocity, the for- 
mer being a function of D only. However, it can be seen 
that the two equations are of similar form, the nozzle 
parameter KO corresponding to D2, K J f i  to K22. ro  to hl, 
and the index s2/2K1 to S .  h the latter case, S is inde- 
pendent of operating conditions with a value of 1. s2/2K1 
varies with operating conditions, although it can be shown 
that at ejection pressures higher than those used in the 
present work it tends to a constant value of approximately 
0.45 which, it is interesting to note, is close to the value 
of 0.5 found (18) for two-dimensional gas jets. 
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NOTATION 

(In c.g.s. units unless otherwise stated) 
A = thickness of liquid sheet 
A" = thickness of liquid sheet at break-up 
a = half spray width in the direction of the x axis as 

B = dimensionless parameter = (18p/#pi) 
C = constant 
C, = coefficient of discharge 
D = nozzle diameter 
d = drop diameter 
dlo 
do = characteristic dimension 

calculated from Equations (17) and (19) 

= number mean drop diameter (Snd/Sn), microns 
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= dimensionless parameter, In x o / x o  
= height of protuberance on flat surface 
= critical height of protuberance 
= acceleration due to gravity 
= distance along spray axis from nozzle 
= distance at which axial velocity begins to depart 

= friction factor 
= nozzle parameter = rA 
= constant = ah 
= constant 
= distance along plate or from region of liquid 

sheet disintegration 
= mass of air flowing through spray 
= mass of entrained air 
= liquid flow rate 
= air mass flowing through nozzle 
= initial momentum of drops 
= total mass of gas flowing through gas jet 
= mass of air within element of s ray 

= mass of liquid per unit volume of spray = 

from the injection velocity 

= liquid mass flow rate through e P ement 

m J ( 2  a h 4 U )  
N w e  = 
n =  
A P  = 
R =  
r =  
10 = 
rm* = 
rt* = 
s =  
t =  
u =  
Uj = 
up = 
ti. = 
un = 
ur = 
v, = 
o =  
vc = 

vi = 
v* = 
x =  
d =  
x* = 
xo = 

V d  = 

Weber number ( p t  U2Ao/2y )  
number of drops with diameter d 
pressure differential, Ib./sq.in. 
shear stress 
length of liquid sheet 
break-up length of lquid sheet 
measured length of liquid sheet 
calculated length of liquid sheet 
dimensionless parameter ( S 2 / 2 K l  for sprays) 
time 
liquid ejection velocity 
gas ejection velocity 
gas velocity relative to flat plate 
drop velocity 
initial normal velocity component of drop 
initial radial velocity component of drop 
gas velocity along jet axis 
air velocity in direction of h axis or gas jet axis 
air velocity within spray along plane of sheet 
air velocity in duct 
initial air velocity 
average air velocity 
distance normal to spray or gas jet axis 
wave amplitude after time t 
wave amplitude at instant of disintegr a t’ ion 
initial wave amplitude 

Greek Letters 
a 
p 
y = surface tension 
S = constant 
4 
p = gas viscosity 
pa 

= growth rate of waves 
= dimensionless parameter = K / S  

= included angle of element of spray 

= density of ambient gas 
= liquid density 
= gas jet density 
= spreading coefficient defined in reference 21 
= maximum angle at which drops are ejected out of 

r 
B 

the plane of sheet (see Figure 3) 
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APPENDIX: AIR ENTRAINMENT INTO A TURBULENT 
GAS JET 

The total quantity of gas flowing through any section norma1 
to the axis of a circular gas jet in an atmosphere of the same 
gas is 

M t  = h p j  l v z d x  (A.1) 

Albertson et al. ( 2 1 )  have shown that the velocity profile 
across a turbulent circular jet in a quiescent atmosphere is 
given by 

- = exp - (r2/2 u2) (A.2) 
v c  

Thus combining Equations ( A . l )  and (A.2) and integrating, 
one obtains ’ 

M t  = 2 IX pj ~c u2 (A.3) 

62 may be expressed in terms of h, the height above the 
nozzle, by 

u == Kzh (A.4 1 
so that Equation (A.3) may be rewritten as 

0 

The mass flow rate through the nozzle is 

Thus the entrained mass of gas per unit flow through the 
nozzle is 

Albertson et al. have found that Kz has a value of 0.081, hr 
= 6.2 D, and that S is equal to 1. 

Equation (A.7) may thus be simplified to give 

M e / M n  = 0.327 h / D  - 1 (A.8) 

Equation (A.8) compares favorably with the semiempirical 
relation of Ricou and Spalding (20) : 

Me/Mn = 0.32 h / D  - 1 (A.9 1 
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